
SOME APPLICATIONS OF RELAXATION THEORY OF A HIGHLY IONIZED HYDROGEN PLASMA 

B. S. Gordie ts ,  L. I. Gudzenko, and L. A. Shelepin 

Zhurnal  Pr ik ladnoi  Mekhaniki  i Tekhnieheskoi  F iz ik i ,  Vol. 9, No. 6, pp. 115-120,  1968 

Relaxat ion  of a highly ionized uni form p l a sma  is d i scussed  and r e su l t s  a re  given concern ing  impulse  
recombina t ion  and ionizat ion,  in re la t ion  to the i r  application to the ampl i f ica t ion  of rad ia t ion  via the t r ans i t ions  of 
a tomic hydrogen, 

One of the current applications is to obtain a source of nonequilibrium radiation using a comparatively dense 
highly ionized plasma, and in particular to create an active medium capable of effective amplification of 
electromagnetic radiation. Papers [1,2] use hydrogen as an example to carry out first estimates showing the 
possibility of creating an inverse population of certain discrete levels (of atoms or ions) on the impulse recombination 
of a plasma. 

Paper  [2] gave the solution of an a lgebra ic  sys t em of equations for the populations of the lower d i s c r e t e  levels  
and free e lec t ron  densi ty ,  us ing  the so -ca l l ed  nconstant  runoff" assumpt ion  [3], i. e . ,  that the populations N n of the 
excited s ta tes  and free e lec t ron  dens i ty  N e do not change in t ime dur ing  the r ecombina t ion  process .  

However,  when the free e l ec t rons  a re  cooled rapid ly  the solution of the cons tan t - runof f  equations may prove 
unsui table  for desc r ib ing  the t rue re laxa t ion  p ic ture  even in an optical ly thick p lasma.  Making al lowance for the 
r eabso rp t ion  of r e sonance  radia t ion ,  which va r i e s  s t rongly  in the course  of recombina t ion  or ionizat ion,  involves  the 
ana lys i s  of the n o n - s t e a d y - s t a t e  p rob lem,  assoc ia ted  with the solution of the sys t em of non l inea r  d i f fe rent ia l  re laxa t ion  
equations.  

In order to allow for radiation reabsorption, we make use of an effective probability of radiative transition 

A* (m, 72) = F(m, n) A (m, n). (1) 

Here A (re,n) is the probabi l i ty  of spontaneous decay; m and n a re  the p r inc ipa l  quantum number s ;  F (m,n)  is a 
coefficient  which depends on the c h a r a c t e r i s t i c  d imens ions  of the p la sma ,  the form of the absorpt ion  l ine for the 
t r ans i t ion  m ~ n and the dens i ty  of a toms on the level  n. 

Only the Lyman s e r i e s  can play an impor tan t  pa r t  in the capture  of rad ia t ion  for the p l a sma  p a r a m e t e r s  
cons idered  here.  A s s u m i n g  that these l ines  have a Doppler profi le ,  we have the following express ions  for an inf ini te ly  
long cyl inder  of rad ius  R [4]: 

F (m, t) -- 

F(m, 1)= i for k(m, t ) B < 2 ,  
1.6 for k(m, i) R ~ 2 ,  

k(m. l ) B V  nln[k(m, l)B] 

where  k(m, 1) is the absorpt ion  coefficient  at the center  of the spec t ra l  l ine 

The balance equation for the populations of the d i sc re t e  levels  of hydrogen has the following form: 

g n--1 
dNn Nn {m=~§ V ( . . . . .  ) Ne + m=lE T~ (n' m) Ne + 

g 
+[B(n ,  e l + B ( n ,  g l l N e + A * ( n ) } +  ~ lit(m, n) N e-l-A*(m, nl lN m +  

m=n+l 
n--1 

�9 4:- ~ V(m, n) lNeNm@Ne~[B(e, n ) + B ( g ,  n)]+NeS[A(e, n ) + A ( g ,  n)]. 
~'n_l 

(2) 

A sys t em of nine equations was cons idered  for the lower d i sc re t e  levels  n = 1-9 .  The upper leve ls  (n > 9) were 
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assumed to be in equilibrium with the free electrons, and their populations were determined from Saha's formula. The 

totality of these levels is denoted by the symbol g. It was assumed that they constitute (effectively for the given 

calculation) a quasi-continuous spectrum. The following symbols were introduced for the probabilities of the 

elementary processes: V(n, m} and R(n, m) corresponding to collisions of the first and second kind between atom and 

electrons, B(n, e) for ionization, B(e, n) for triple recombination, A(e,n) for radiation recombination. The coefficients 

B(n, g) and B(g, n) correspond to the transition probabilities of an electron passing from the lower discrete levels into 

the quasi-continuous spectrum and vice-versa, respectively, as a result of a collision with a free electron, A(g,n) is 
the result of spontaneous decay. The following expressions were used for the probabilities of radiative transitions*: 

n--i 

A ( n ) = l . 6 6  101On -t'a, A * ( n ) =  ~-2 A (n,m), 
m=l 

A (m, n) = 1.57 t0X~ -a (n -2 --  m-e) -* , 

A(e, n)@ A(g,n)=5.2 t0 l~n-a( aY~ ' /~  i / IE*~ ,d\ 

E r a ,  n = E r a - -  E n ,  E n = R y  n - 2  . 

Here T e is the free electron temperature; Ry is Rydberg's constant. The coefficients describing collision 

processes have the following form after we average the semiempirical cross sections obtained from Bethe's formula 
[6] and use a Maxwell velocity distribution for the free electrons, 

,.- <., - ,  : , 73 3 t <  ) - < , ,  

7 ~ 
B (n, g) ~- B (n, e)- - 8.65 10-s,, -a ( It}" ~/= ~ z-%~ (z) exp (--z) r/z, 

\kTe } ~n 
c~ 

B(g, n) + B e ,  ,,) =5.5 ~0-~'~-~ ( aY~'k~p ( E ~  ~-~U(~)~p(--~)d~, 

U(z)=t+zexp(z)Ei(--z) (~=E~IkT~). 

T h e  s y s t e m  of  e q u a t i o n s  (2) m u s t  be  s u p p l e m e n t e d  by  t he  e q u a t i o n  of  c o n s e r v a t i o n  of  the  t o t a l  n u m b e r  of  
e l e c t r o n s  p e r  c u b i c  c e n t i m e t e r  of p l a s m a ,  w h i c h  c o i n c i d e s  w i t h  the  d e n s i t y  of h e a v y  p a r t i c l e s  

The problem of the decay of a nonequilibrium plasma was solved numerically for initial densities N e = 1014, 1015 

cm -3 and temperatures kT e = 0.05, 0.i, 0.2 eV for an infinitely long cylinder of radius R = 3 ram. The initial 

populations of the lower level (n _< 0) were taken to have a Boltzmann distribution with kT ~ = 2 eV. It was assumed 

that the free electrons in the plasma were cooled instantaneously from 2 eV to kT e. The calculations were carried out 

on an electronic computer using the Runge-Kutta method with a variable step length. The recombination coefficient (~ = 

= NeadNe/dt (emasee -I) is given in Fig. 1 as a function of the electron concentration N e (cm -3) for kT e = 0.i eV with 
N = 1014 and 1015 em -3. The part played by the reabsorpt[on radiation, which slows down recombination, increases 
as the plasma density increases. Thus curve 2, corresponding to N = 1015 cm -3, lies below curve 1 (N = 1014 era-a). 

For the sake of comparison ~ is also given as a function of N e for N = 1015 em -3 for an optically thick plasma (curve 3). 
I 

The reduced populations N n (era -3) of the levels (N n = Nn/g n, where gn is the statistical weight of level n) are given in 

Fig. 2 as a function of time t sec for various N cm -3 and kT e eV. It is clear from the graphs that in the recombination 
process for kT e = 0.05-0.2 eV and N = 1014, i0 I~ em -3, a series of levels have an inverse population. This is caused 
by the fact that the upper levels are populated more rapidly because of the flow of electrons from the continuous 
spectrum during impulse recombination, and the impoverishment of the lower excited states as the result of the 
greater probability that they will suffer radiative decay. The reabsorption of resonance radiation, which effectively 

diminishes the probability of radiative decay in a dense plasma, exerts a strong effect on the presence of inversion. 

T h e r e  i s  a n  i n v e r s e  p o p u l a t i o n  of l e v e l s  3 - 2  in t he  p l a s m a  ( fo r  N = 1015 c m  -3) a n d  of  l e v e l s  3 - 2  and  4 - 2  ( for  N = 

* F o r  g r e a t e r  d e t a i l  s e e  [5]. 
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= 1014 cm -3) immedia t e ly  af ter  the ins tan taneous  cooling of the f ree  e lec t rons ,  when the populat ion of the fundamenta l  
s tate  is s t i l l  sma l l  and r eabso rp t i on  is p rac t i ca l ly  absent .  

t~ v~A - - T  I I 

10 ts I0 t~, 18 t~ 

Fig. 1 

As the number  of atoms in the fundamenta l  s ta te  i n c r e a s e s ,  impor tan t  r e a b s o r p t i n n  of the Lc~ line commences ;  
the population of the second level then i n c r e a s e s  somewhat and the i nve r se  population re la t ive  to it d i sappears .  We 
note that for a s t rongly  ionized decaying p l a sma  with p a r a m e t e r s  kT e = 0.05, 0.1 eV and N = 1014, 1015 em -~, an 
inve r se  populat ion can exist  as r e g a r d s  the second layer  only in the f i r s t  r ecombina t ion  per iod when the dens i ty  of f ree 
e lec t rons  is s t i l l  l a rge  ( 4.1013 cm-3). 
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When, as the r e su l t  of r ecombina t ion ,  N e becomes  s m a l l e r  than 4. l0  is cm -3, i nve r s ion  of the fourth level  
appears  re la t ive  to the third; for s t i l l  s m a l l e r  N e i nve r se  populations of the fifth and fourth l aye r s  can resu l t .  This  is 
connected with the fact that for large dens i t i e s  the free e lec t rons  even out the populations of these s tates .  When N e 
fal ls  off cons ide rab ly  the par t  played by radia t ion  p r o c e s s e s  i n c r e a s e s  (pa r t i cu la r ly  rad ia t ive  decay of level  3, s ince 
the r eabsorp t ion  of l ines  Hc~ and Lfl is smal l ) .  Inve r s ion  between the third and fourth l aye r s  is i n t e re s t ing  in view of 
the fact that it may exis t  even in the p r e sence  of a l a rge  number  of atoms in the fundamenta l  s tate,  while inve r s ion  
re la t ive  to the second level  exis ts  only unti l  r eabso rp t ion  of the Lc~ line begins to play a part .  The negat ive  absorpt ion  
coefficient  per  cm of photon path is ca lcula ted  f rom the fo rmula  

m, n A* (ra, n) ( N  m" - -  N n ' ) .  
x m ,  n ~  4 F m ,  n 

Here km, n is the wavelength and Fm, n is the line width. The coefficients ~<m, n are given in Table 1 for various 
values of kT e and times t; they are quite sufficient for making a laser. 

In order to obtain generation under laboratory conditions we must compensate for losses in the mirror over a 

path length of I ~ 1 m in the medium; thus there is effective amplification in the visible range and in adjacent parts of 
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the spectrum if X > 10-4 cm-i. This leads to restricting the density of the highly ionized hydrogen to values of N = i013- 
3 �9 I0 i4 cm -~ (for N < i0 Ia cm -3 there are few atoms which cause amplification, for N > 3 �9 i0 i4 cm -3 inversion decreases 

because of the increase in inelastic collisions with an increase of density Ne); the mean energy of free electrons should 

not exceed 0.2 eV. Cooling of electrons from an energy kT ~ ~ 2 eV corresponding, under equilibrium conditions, to 

practically fully ionized hydrogen, should occur in a time At ~ i0 -7 sec, according to the preliminary calculations of 
[i]. Up to the present there has been no analysis of the methods of sharp cooling of electrons, and the requirements 
formulated here seemed unrealistic to experimenters; thus it was important to show the ~easibility of the undertaking. 

Table I. The Coefficients o f  Negative 
Absorption z (cm -I) for Certain Transitions, 

for Various Values of Temperature kT e 
(eV) and Density N (cm -3) at Various Times 
t (sec) 

~:Te N . t T r a n s i t i o n  y. 

0:2 
0.05 
0 . t  
0 .2 
O. 2 
O. 05 
0.05 
0.05 
0.4 
0 . I  

1,)14 
1044 
10i4 
41)18 
|01~ 
iO i~ 
t014 
1044 
101: 

t .5 .10-8 
6.4.10 -s 
i .7 .10-6  

40 -8 
4.4.40-a 
5:7 . i0-6  
2.3.40 -8 
4.4.40-~ 
3.7.10~6 
4.5.10-~ 

3 : 2  
3 = 2  
3 = 2  
3 = 2  
3 - - 2  
4 : 3  
4 = 3  
4 = 3  
4 = 3  
4 - - 3  

3.4.  i0 ~ 
5 .3 . t0-2  
4.9.10 -4 
4.9.10-4 
3 . t .10-a  
t .8 . tO-a  

8.  t0  -4 
5.8.10-.~ 

6.10-4 
4 .1 .10 -4 

Article [7] discussed the cooling of free electrons in the adiabatic expansion of a plasma into vacuum: gas- 

kinetic dispersion, the dispersion of a magnetized cluster, and the efflux of a magnetized jet. Estimates showed that 

under realistic engineering conditions the necessary cooling is attained in fairly short times on expansion. Paper [8] 

gives estimates of the cooling times of free electrons after a sharp cut off of the heating field, as the result of elastic 
collisions of electrons with cold heavy plasma particles, and also as the result of ambipolar diffusion to the walls of 

the gas discharge pipe. It turned out that the deep-freezing time could be <I0 -7 sec in the conditions of an ordinary gas 
discharge in pure hydrogen and in a mixture of hydrogen with helium. 

Detailed calculations show that requirements formulated for the cooling times can be relaxed considerably. The 
lengths of time for which inversion can exist in hydrogen undergoing impulse recombination are given in Table 2 for 
some transitions. These lead to the general result that the cooling times should not exceed 10-6-10 -5 sec. 

Reabsorption leads to a deterioration of the recombination conditions, and so it is convenient to work with gas 

discharge tubes of small diameter. On the other hand, the tube must not be made too narrow as this makes it difficult 

to trigger and maintain the discharge, and worsens the ratio between the useful (for the aims discussed here) volume 

recombination and the "harmful" recombination close to the wall which populates the lower levels without radiation. In 
order to decrease the recombination occurring in the vicinity of the wall without lowering the effective cooling, it is 
convenient to carry out the discharge in a mixture of hydrogen and a sufficient quantity of a gas-filler, having an 
ionization potential considerably higher than that of hydrogen. Such a gas could be helium (see [8, 9]) which creates a 

large capacity thermostat of cold heavy particles without exerting a direct effect on the kinetics of the relaxation. A 
rough estimate of the appropriate concentration of helium can be obtained from the condition that after cooling, volume 
recombination should predominate over recombination close to the wall 

" T  o - DNe 

where D is the ambipolar diffusion coefficient. For T e ~ 2000 ~ K, N e -~ i0 i4 cm -3, R ~- 0.3 cm we obtain a helium 

pressure of p ~ 1.3 mm Hg. To decrease the losses of free electrons due to diffusion to the wall, it is convenient to 

apply a longitudinal magnetic field (whose strength should not exceed the critical value), which facilitates triggering 
the discharge and stabilizing it. 

In a plasma of more complicated chemical composition than pure hydrogen, the processes of ionization (and 
recombination) relaxation occur together through channels whose characteristic times are often very different (see 
also [I0]). It is thus of interest to examine the possibility of creating an effective amplifying medium immediately on 

its rapid ionization. Such a situation cannot occur in the pure hydrogen plasma whose relaxation is discussed here. 
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It is convenient  to dwell  a while longer  on the ana lys i s  of hydrogen ionizat ion,  s ince  it is the ini t ia l  s tage in the 
impuls ive  change of the a v e r a g e  ene rgy  of f r ee  e l e c t rons ,  and the assumpt ion  that before  the rapid  cool ing both the 
f r ee  and bound e l ec t rons  have an equ i l i b r ium d i s t r ibu t ion  with a t e m p e r a t u r e  kT e ~ 2 eV does not a l toge ther  
co r r e spond  to jud ic ious ly  f r a m e d  expe r imen t s .  

Tab le  2. Inve r s ion  L i f e t imes  for  Var ious  
T r a n s i t i o n s  for  Dif ferent  T e m p e r a t u r e s  

kT e 0.05; 0.1; 0.2 (eV) of the F r e e  
E l e c t r o n s  and Dens i t i e s  N (cm -3) of the 

Recombin ing  P l a s m a  

N=iO 's 

3 = 2  

t0-s 
7.10 -9 
2. i0 -8 

N = I0 '5 

4 = 3  

1%4 
0 

N = t0 I~ 

3 = 2  

9.10 -s 
3.10-- 
6. l0 -~ 

N = 10 u 

4_O-a 
t0-~ 
0 

P r a c t i c a l l y  the same  equat ions as in s y s t e m  (2) with mino r  modi f ica t ions ,  de sc r ib ing  a wide range  of r e l axa t ion  
p r o c e s s e s  in a hydrogen p l a sma ,  a r e  convenient  for  c a r r y i n g  out this ana lys is .  

Since an ex is t ing  p r o g r a m  was ava i lab le  for  solving the n o n - s t e a d y - s t a t e  p rob l em  on an e l ec t ron i c  compute r ,  a 
un i form ana lys i s  could be made of r e l axa t ion  p r o c e s s e s  in a highly ionized a tomic  p lasma ,  speci fy ing var ious  ini t ia l  
condit ions.  Thus in the s i m p l e s t  ionizat ion r e g i m e  the solution of the s y s t e m  of equat ions (2) was ca lcu la ted  for  the 
in i t ia l  condi t ions Nl(0) ;~ 0, N2(0) = N3(0) = . . .  = Ng(0) = 0. The d e g r e e  of ionizat ion at the ini t ial  t ime  was l ess  than 
the equ i l ib r ium value co r r e spond ing  to the t e m p e r a t u r e  T e which is a s sum ed  to be constant  dur ing the p r o c e s s  of 
ionization.  The r e su l t s  of solving sys t em (2) for  such a model  a r e  given in Fig.  3a, b, r e s p e c t i v e l y ,  for  N = 1.26- 1014 

cm -3, kT e = 5 eV and N = 1.26. l0  is cm 3, kT e = 10 eV; the ini t ial  f r ee  e l ec t ron  dens i ty  was taken to be equal  to Ne(0) = 
= 9 . 1 0  l~ cm -~. It mus t  be s t r e s s e d  that ionizat ion,  l ike recombina t ion ,  is a compl ica ted ,  m a n y - s t a g e  p r o c e s s ,  and so 
to c h a r a c t e r i z e  it, as  is often done, by an ionizat ion c r o s s  sect ion is usual ly  imposs ib le .  At the same t ime ,  the 
r e su l t s  of sy s t ema t i c  ca lcu la t ions  concern ing  ionizat ion a r e  indisputably of i n t e r e s t  not only in the ana lys i s  of the 
ampl i f ica t ion  p r o p e r t i e s  of a highly ionized p lasma ,  but also in a wide range of applied p l a s m a  p r o b l e m s ,  in p a r t i c u l a r  

in the p rob lem of the pas sage  of a p l a s m a  j e t  through ma t t e r .  

tO n 

/o 8 

/o/0 -8  

a ! I / 

b ~ Lg 

i I 
/o -g ~ /0 -7 

Fig. 3 

. . . .  i 

\Zl 

~4 L 
r 
r 

i 

/0 -G 

The first experimental papers in which inversion in atomic hydrogen was obtained appeared not long ago. A note 
in [II] mentioned the population inversion of the fifth and fourth levels in the expansion regime of a jet of argon- 

hydrogen plasma. Despite the point of view expressed by the authors of [Ii] explaining the inversion by the collisions 
of hydrogen atoms with excited argon atoms, a recombination inversion mechanism seems more natural. Estimates 
show that a hydrogen plasma with the parameters mentioned in [ii] undergoes population inversion when reeombining, 

without any transfer of excitation from argon. 

P a p e r  [12] gave the f i r s t  obse rva t ions  of genera t ion  for  the 4 ~ 3 t rans i t ion  for a tomic  hydrogen on an impulse  
d i s c h a r g e  in a m ix tu r e  of hydrogen and hel ium.  The pipe d i a m e t e r  (7 mm),  and the pa r t i a l  p r e s s u r e s  of hydrogen and 
he l ium (0.03 and 3.5 m m  Hg respec t ive ly )  a r e  in good a g r e e m e n t  with the ca lcu la t ions  and e s t i m a t e s  given above. 
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However, even here we would be premature in concluding finally that the laser operates on the basis of recombination, 
since there are no data in [12] concerning development of the generation impulse in time. 

The authors are grateful to A. T. Mataehun for help in the numerical calculations. 

REFERENCES 

i. L. I. Gudzenko and L. A. Shelepin, "Negative damping in a non-equilibrium hydrogen plasma," ZhETF, 
vol. 45, no. 5, 1963. 

2. L. I. Gudzenko and L. A. Shelepin, "Amplification in a decaying plasma," Magnitnaya gidrodinamika 
[Magnetohydrodynamics], vol. i, no. 3, 1965. 

3. D. R. Bates and A. E. Kingston, "Properties of a decaying plasma," Planet. Space Sci., vol. 112 no. I, 
1963. 

4. T. Holstein, "Imprisonment of resonance radiation in gases." Phys. Rev., vol. 72, p. 1212, 1947. 
5. B. F. Gordiets, L. I. Gudzenko, and L. A. Shelepin, "The relaxation of hydrogen level populations. 

Inversion in a decaying highly ionized plasma," Preprint FIAN, no. 29, 1967. 
6. I. I. Sobel'man, Introduction to the Theory of Atomic Spectra [in Russian], Fizmatgiz, Moscow, 19@3. 

7. L. I. Gudzenko, S. S. Filippov, and L. A. Shelepin, "An accelerated recombining plasma jet," 2,~ETF, 
vol. 53, no. 4, 1966. 

8. B. F. Gordiets, L. I. Gudzenko, and L. A. Shelepin, "Cooling of free plasma electrons," Zh. tekhn, fiz., 
voh 36, no. 9. 

9. L. I. Gudzenko, V. N. Kolesnikov, N. N. Sobolev, and L. A. Shelepin, "Application of highly ionized 
plasma to laser construction, ~ Magnitnaya gidrodinamika [Magnetohydrodynamics], vol. i, no. 3, 1965. 

i0. L. I. Gudzenko and V. M. Finkel'berg, "Impulse discharge in a chemically active medium as a source of 
optical radiation," Preprint FIAN, no. 16, 1967. 

ii. V. M. Gol'dfarb, E. V. Ii'ina, I. E. Kostyehova, G. A. Luk'yanov, and V. A. Silant'ev, "The pcpulation 
of hydrogen levels in an argon-hydrogen plasma jet," Optika i spektroskopiya, vol. 20, no. 6, 1966. 

12. K. Boekasten, T. Lundholm, and O. Andrade, "Laser lines in atomic and molecular hydrogen," J. Opt. 
Soc. of America, vol. 56, no. 9, 1966. 

1 7 M a y 1 9 6 7  

Moscow 

739 


